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Based on the availability of measured natural frequencies of structures, the interval analysis technique was

proposed for structural damage identification. Influences of uncertainties in the measurements andmodeling errors

on the identificationwere investigated. Because of the lack of information onmeasurement uncertainties, the interval

description was adopted for the measured natural frequencies in this paper. Via the first-order Taylor series

expansion, the interval bounds of the elemental stiffness parameters of both undamaged and damaged structures

were derived by using the model updating based on the initial analytical finite element model. The damage can be

identified by comparing the differences between the two models, where the quantitative measure of the possibility of

damage existence in the elements is introduced. A larger value of possibility of damage existence implied a higher

possibility of damage occurrence. The damage identifications for a steel cantilever beam and a steel cantilever plate

were performed by the presented method, which is validated by Monte Carlo simulation. Moreover, the case of the

multidamage identification, the number of the used natural frequencies, and the effects of damage level and

uncertainty level on the damage detection were studied as well. The numerical results proved the validity and

applicability of the presented interval analysis method.

Nomenclature

b, �bi� = uncertain parameters
bc = center of uncertain parameter
bI = interval of uncertain parameter
dK, d�i, d�i = change quantities for K, �i, and �i
d� = elemental stiffness change
�d��b� = upper bound for d�
d��b� = lower bound for d�
d�I�b� = interval of stiffness change
d� = eigenvalue change
K = stiffness matrix in unchanged state
Kc = stiffness matrix in changed state
Ki = elemental parameterized stiffness matrix
M = mass matrix in unchanged state
Mc = mass matrix in change state
p��� = probably density function
pid = probability of damage existence
pi = possibility of damage existence
S = eigensensitivity matrix
�Xi�j = realization of random variable
�c, ��ci� = elemental stiffness parameters in changed state
�i = ith elemental stiffness parameter
�Id, ��Idi� = damaged parameter intervals

�Ir, ��Iri� = undamaged parameter intervals
�b, ��bi� = maximum uncertainty of parameters
�bI = uncertain interval of parameter
�b, ��bi� = variable quantities of b
�c, ��ci� = lower bounds of eigenvalue
��c, � ��ci� = upper bounds of eigenvalue
�i, �ci = ith eigenvalue, unchanged and changed
�Ic, ��Ici� = eigenvalue intervals
�i, �ci = ith eigenvector, unchanged and changed
���di� = damaged parameter distribution
���ri� = undamaged parameter distribution

I. Introduction

VARIOUS types of damages of engineering structures are often
reported in civil, mechanical, and aerospace engineering fields.

These damages maybe due to overloading, corrosion, material
aging, or other unexpected events, and they could cause the structure
to work ineffectively, leading to possible failure. During the last
two decades, the vibration-based structural damage identification
methods have been developed extensively. It is based on the fact that
local damages usually cause a decrease in the structural stiffness,
which will change the global vibration characteristics of the
structure.

Vibration data used for damage detection include natural fre-
quency, mode shape, mode shape curvature, modal flexibility, and
modal strain energy. Abo [1] used the information of the change of
natural frequencies andmode shapes to identify structural damage. A
damage identification method using mode shape sensitivities to the
changes in mass or stiffness in the test structure was presented in
literature [2]. Robinson et al. [3] proposed a method for detecting
structural damage in an aircraft fuselage using the dynamically
measuredflexibilitymatrix. Additionally, some hybridmethods have
also been developed by other researchers [4,5]. Model updating is an
important method in damage detection. In this method, a theoretical
finite element (FE) model of a structure is adjusted to the updated
model which is consistent with dynamic measured data. The
sensitivity-based FE model updating method using experimental
modal data was used for structural damage identification [6,7], and
an eigenstructure assignment approach of model updating was
applied in the literature [8,9].

However, an inherent problem exists in the model updating
method. There is a difference between the actual response of the
structure and the theoretical response predicted by the analytical
model due to the various unavoidable uncertainties. Many damage
identification methods assume that the initial analytical FE model is
identical to the structure and the measurements are accurate. In
practice, however, modeling errors arising from the assumptions
and simplifications made in the modeling process exist, as well as
the noise of the data measured from the vibration tests. Such
uncertainties in the analysis process may result in fault results of
the damage identification. Therefore, it is very important to develop
an effective method to solve the problem of structural damage iden-
tification with uncertainties. At present, there are mainly three
methods for solving uncertain problems [10]: namely, probabilistic
analysis approach, fuzzy analysis method, and set-based theoretical
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convex method. In the analysis of uncertain structural damage
identification, the probabilistic analysis method, and fuzzy analysis
method have beenwidely used [11–13] and obtained some satisfying
results. The Monte Carlo simulation technique is the most straight-
forward and popular tool in probabilisticmethods, but the calculation
is time-consuming. Moreover, the precondition of applying the
probabilistic approach is that the probability density function (PDF)
of uncertain variables is known. However, in most cases, it is hard to
determine the probability density function due to the complexity of
the sources of uncertainties and lack of sufficient experimental data.
Hence, most literature assumes that the uncertain variables obey a
certain probability distribution. However, such an assumption may
lead to questionable results. In the fuzzy analysis method, a fuzzy
variable is defined as a member of the fuzzy subset of a domain. Like
the PDF in the probabilistic analysis approach, the membership
function is defined to describe the degree ofmembership to this fuzzy
subset of each element in the domain. It is clear that the most serious
problem in the twomethods is the impossibility of obtaining an exact
probability density function or exact membership function to
describe the practical uncertain variables.

Set-based theoretical convex methods, including convex models
[14] and interval analysis [15,16], are the effective nonprobabilistic
methods to deal with the uncertain problems [17]. The interval
analysis method has been applied in multiple engineering fields
[18,19]. In this method, the uncertain quantities are considered as
interval numbers rather than random or fuzzy variables. Compared to
probabilistic and fuzzy analysis approaches, the interval analysis
method requires less information: namely, only the bounds of the
uncertain parameters, which could easily be obtained in practical
engineering problems. Gabriele et al. [20] combined the model
updating and interval analysis to develop an interval damage identi-
fication method. García et al. [21] proposed a new methodology
based on the combination of interval analysis and constraint propa-
gation techniques and applied it to the structural assessment of the
Sorraia River Bridge.

In this paper, an interval method for the damage identification of
structures is proposed based on Taylor series expansion [22] and
model updating theory [6,23].

II. Sensitivity-Based FE Model Updating Procedure
for Interval Damage Identification

Consider the free vibration problemof an undamped structurewith
N degrees of freedom:

M �x�t� �Kx�t� � 0 (1)

whereM is the N � N mass matrix,K is the N � N stiffness matrix,
and x�t� and �x�t� are the displacement and acceleration vectors,
respectively. The eigenvalue problem corresponding to Eq. (1) can be
expressed as [23]

K�i � �iM�i; i� 1; 2; . . . ; N (2)

where �i and �i are the ith eigenvalue and mass-normalized mode
shape, respectively. If there are changes in the structural parameters
due to modeling errors or structural damage, the eigenvalue problem
can be written as

K c�ci � �ciMc�ci; i� 1; 2; . . . ; N (3)

where Kc,Mc, �ci, and �ci are the mass matrix, stiffness matrix, ith
eigenvalue and mass-normalized mode shape, respectively, in the
changed state. Because of the structural damage, we suppose that
changes occur in K, �i and �i, whereas the mass M remains
unchanged. They can be expressed as

Kc �K� dK; Mc �M
�ci � �i � d�i; �ci � �i � d�i (4)

where dK, d�i, and d�i denote the respective change in the stiffness
matrix, the eigenvalue, and eigenvector.

Substituting Eq. (4) into Eq. (3) and left-multiplying �Ti , the
following expression can be obtained by neglecting the high-order
terms:

� T
i � dK � �i � d�i � �ci � �i (5)

For the FE model of a structure, the matrix K can be expressed in
the following form of nonnegative parameter decomposition:

K �
Xm
i�1

�iKi � �1K1 � �2K2 � . . .� �mKm (6)

where m is the number of elements in the structure, �i is initial
elemental stiffness parameter (bending stiffness in this paper), andKi
is the ith elemental stiffness matrix divided by �i. Similarly, the
matrix Kc in the changed state is obtained as

K c �
Xm
i�1

�ciKi � �c1K1 � �c2K2 � . . .� �cmKm (7)

According to Eqs. (6) and (7), Eq. (5) can be rewritten as follows:

� T
i

�Xm
j�1
��cj � �j�Kj

�
�i � �Ti

�Xm
j�1

d�jKj

�
�i � d�i (8)

Furthermore, Eq. (8) can be written as [23]

S � d�� d� (9)

where d� and d� are the elemental stiffness change vector and
eigenvalue change vector, respectively; S is the eigensensitivity
matrix whose elements are

Sij � �Ti Kj�i; i� 1; 2; . . . ; n; j� 1; 2; . . . ; m (10)

where n is the number of available measured frequencies. If n equals
the number of the elements in structure, m, then S will be a square
matrix. In practice, n is usually less than m. Thus the problem
becomes indeterminate with an infinite amount of solutions. Gen-
erally, its solution can be written as [23,24]

d�� S� � d� (11)

where S� is the Moore–Penrose generalized inverse of matrix S. So
d� could be obtained from Eq. (11). Since Eq. (5) was derived by
neglecting high-order terms, a procedure of iterative computation
should be carried out to reduce error due to the first-order approxi-
mation, which can be described as follows:

Step 1) Solve Eq. (2) at the (p� 1)th iteration with the known��p�

for �i and �i.
Step 2) Solve Eq. (10) at the (p� 1)th iteration with the known

��p� for S.
Step 3) Solve Eq. (11) at the (p� 1)th iteration with the known

��p� and the computed S for d��p�1�.
Step 4) Update the stiffness parameter vector by the formula

� �p�1� � ��p� � d��p�1� (12)

Step 5) Repeat the iterative procedures until the following criterion
is satisfied:

j��p�1�c � ��p�c j
j��p�1�c j

< 1:0 � 10�6 (13)

It should be stressed that the formulas above were discussed without
considering the effect of uncertainties on the damage identification.
In the following sections, interval-based parameter identification and
damage identification of structureswith uncertainmeasurementswill
be given.
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III. Interval Identification of the Elemental
Stiffness Parameter

It is very possible that if the uncertainty level is larger than or close
to the frequency changes due to damages, the damaged members
cannot be identified and in some cases the healthy members may be
identified as damaged. In this paper, the parameter errors ofmodeling
can be reduced by a two-step model updating procedure which will
be introduced in the next section. In each model updating procedure,
the measurement uncertainties are considered as the main factors
affecting the damage identification results. This takes place due to the
fact that the updated elemental stiffness parameters are more sen-
sitive to the measurement uncertainties than the FE modeling errors
[23]. Based on interval mathematics, the eigenvalue intervals with
uncertainty in the changed state can be expressed as

�Ic � ��c;�c	 � ��Ic1; �Ic2; . . . ; �Icn�T

�Ici � ��ci; �ci	; i� 1; 2; . . . ; n (14)

where �c and �ci are the lower bounds of the eigenvalue vector and
components; �c and �ci are the upper bounds of the eigenvalue
vector and components. The middle value and the radius (or uncer-
tainty) of an interval number or vector are introduced [17]:

x c �m�xI� � x� �x

2
(15)

�x� rad�xI� � �x � x
2

(16)

where xc and�x are the middle value and the radius (or uncertainty)
of xI , respectively. Therefore, the uncertain measured parameters
(referred to as the measured natural frequencies in this study) in the
undamaged or damaged state of the structure can be rewritten in the
following form

bI � bc ��bI � bc ��b��1; 1	 � bc ��be�

bc � �bc1; bc2; . . . ; bcn�T; �b� ��b1;�b2; . . . ;�bn�T (17)

where e� � ��1; 1	, and the superscript c and script� represent the
correspondingmiddle value and the radius of the interval numbers or
vector, respectively.

Consider the damage identification formula, Eq. (9). The vectors
d� and d� and the matrix S are the functions of b� �b1; b2; . . . ;
bn�T , so they can be written as

d�� d��b� � �d�1�b�; d�2�b�; . . . ; d�m�b��T (18)

d�� d��b� � �d�1�b�; d�2�b�; . . . ; d�n�b��T (19)

S � S�b� � �Sij�b��n�m (20)

Based on the interval expression, Eq. (17), the vector b can be
expressed in the following form:�

b� bc � db; jdbj<�b

bi � bci � dbi; jdbij<�bi; i� 1; 2; . . . ; n
(21)

If we expand Eqs. (18–20) as the first-order Taylor series in terms
of dbi, we get

d��b� � d��bc � db� 
 d��bc� �
Xn
i�1

@�d��bc��
@bi

dbi (22)

d��b� � d��bc � db� 
 d��bc� �
Xn
i�1

@�d��bc��
@bi

dbi (23)

S �b� � S�bc � �b� 
 S�bc� �
Xn
i�1

@S�bc�
@bi

dbi (24)

Substituting Eqs. (22–24) into Eq. (9) and neglecting high-order
terms, the following equations can be obtained:

d��bc� � S�bc�� � d��bc� (25)

Xn
i�1

@�d��bc��
@bi

dbi

� S�bc��
Xn
i�1

�
@�d��bc��
@bi

� @S�b
c�

@bi
� d��bc�

�
dbi (26)

where dbi 2 �bIi � ���bi;�bi	. Substitution of Eqs. (25) and (26)
into Eq. (22), leads to the expression for d�:

d��b� � S�bc�� � d��bc�

� S�bc��
Xn
i�1

�
@�d��bc��
@bi

� @S�b
c�

@bi
� d��bc�

�
dbi (27)

Using the natural interval extension, we can obtain the change
interval of the elemental stiffness:

d�I�b� � S�bc�� � d��bc�

�
Xn
i�1
S�bc��

�
@�d��bc��
@bi

� @S�b
c�

@bi
� d��bc�

�
��bIi (28)

Since �bIi ��bi��1; 1	, the lower and upper bounds of the
interval vector d�I will be

d��b� � S�bc�� � d��bc�

�
Xn
i�1

����S�bc��
�
@�d��bc��
@bi

� @S�b
c�

@bi
� d��bc�

�������bi (29)

d��b� � S�bc�� � d��bc�

�
Xn
i�1

����S�bc��
�
@�d��bc��
@bi

� @S�b
c�

@bi
� d��bc�

�������bi (30)

The interval radius vector ��d�� is not updated iteratively since
the iterative process may lead to the enhancement of the interval radii
of d�I . Thus, the lower and upper bounds of d�I can be obtained
from Eqs. (12), (13), (29), and (30). The sensitivity coefficients
@�d��bc��=@bi and @S�bc�=@bi can be obtained according to the
following equations:

@�d�j�bc��
@bi

�
@�cj�bc�
@bi

�
@�j�bc�
@bi

;

i� 1; 2; . . . ; n; j� 1; 2; . . . ; n (31)

@Sjk�bc�
@bi

�
@��j�bc�TKk�j�bc��

@bi
� 2�j�bc�TKk

@�j�bc�
@bi

i� 1; 2; . . . ; n; j� 1; 2; . . . ; n; k� 1; 2; . . . ; m (32)

For the initial analytical FE model, it is clear that �j and �j are
independent of measured parameters. Hence,

@�j�bc�
@bi

� 0;
@�j�bc�
@bi

� 0;
@�cj
@bi
� 1 (33)

Substituting Eqs. (31–33) into Eqs. (29) and (30), the lower and
upper bounds of interval vector d�I in the changed state can be
determined. In other words, the undamaged and damaged FEmodels
can be updated by the uncertain measured eigenvalues and the initial
analytical FE model, respectively. In the next step, the damage in the
structure can be identified by comparing the undamaged and dam-
aged FE models.
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IV. Possibility of Damage Existence

Applying the model updating method for interval parameter
identification developed in previous sections, the elemental stiffness
parameter vectors within the undamaged and damaged FE models
can be obtained as two interval vectors:

� I
r � ��Ir1; �Ir2; . . . ; �Iri; . . . ; �Irm�T; i� 1; 2; . . . ; m (34)

� I
d � ��Id1; �Id2; . . . ; �Idi; . . . ; �Idm�T; i� 1; 2; . . . ; m (35)

The structural damage can be identified easily through the
comparison of these two vectors when �ri and �di are real numbers.
Nevertheless, due to uncertainty, the real elemental stiffness
parameters �ri and �di will fall into the intervals denoted here as
��ri; �ri	 and ��di; �di	, respectively. For interval numbers ��ri; �ri	
and ��di; �di	, we cannot directly identify the damage of structures.
Generally, the middle value of �Idi is less than the middle value of �Iri.
It cannot be assured, however, that the value of �ri will always be
larger than the value of �di. To address this problem, the elemental
stiffness parameters of the undamaged and damaged FE models (�Idi
and �Iri) are represented on the same axis, as shown in Fig. 1. The
quantitative measure of the possibility of damage existence (PoDE)
can be introduced. The two rectangles in Fig. 1 represent the region of
variations of �ri and �di. The interval of �Iri obtained by the first
model updating procedure represents the healthy interval for the ith
element. The hatched region denotes the possible damaged region.
The PoDE in the elements denoted as pi can be defined as

pi �
�ri � �di
�di � �di

� 100% (36)

where pi takes a value between 0 and 100%. If the damage in an
element does not take place or the lower bound of �Iri is equal to or
less than the lower bound of �Idi, pi will vanish. On the other hand, if
the value of pi for an element is 100%, we conclude that the upper
bound of �Idi is equal to or less than the lower bound of �

I
ri; in other

words, damage with a certain degree exists in the element.

V. Monte Carlo Simulation for Damage
Identification of Structures

In the probability approach, the measured natural frequencies in
undamaged and damaged states are considered as uncertain random
variables. To apply the Monte Carlo technique to the structural
damage identification, the probability distributions for the random
variables are needed. The normal distribution is often chosen because
of its simplicity in analysis, but it may not be appropriate for practical
circumstances because these variables are generally located within
certain intervals. To model this fact the truncated normal distribution
p�xi� is introduced for random variable xi:

p�xi� �
(
Ci exp

�
� x2i
B2
i

�
; jxij � Ai

0; jxij> Ai
(37)

where p�xi� is the probability density function of xi, Ai is the
maximum possible value for random variable xi, Bi is the parameter
determining the curve shape, and Ci is the normalization constant:

Ci �
�
2Bi � erf

�
Ai
Bi

���1
(38)

where the error function erf��� is defined as

erf �x� �
Z
x

0

e�t
2

dt (39)

Here, it is assumed that the random variables are independent of
each other. The probability density functions of xwith various values
ofB are shown inFig. 2. It is clear that a lagerB corresponds to amore
dispersive distribution. When B2 � A2, the variable xi is nearly
uniformly distributed. The realizations of xi, denoted by �Xi�j
(j� 1; 2; . . .) can be generated by the formula

�Xi�j � Bi � erf�1
�
�2�j � 1� � erf

�
Ai
Bi

��
(40)

where �j (j� 1; 2; . . .) are independent random numbers uniformly
distributed in [0,1].

Once the samples of truncated normal distributed random
variables are obtained,Monte Carlo simulations can be carried out to
obtain the probability density function of elemental stiffness param-
eters in both undamaged and damaged states based on Eq. (11). They
are distributed in intervals���ri� and���di�, as illustrated in Fig. 3.
The probability of damage existence (PrDE) is defined as [6,23]

pid � prob�Ldi < x�di � Lri� � 1 � prob�Lri � x�di < Udi� (41)

where Ldi and Udi are the lower and upper bounds of ���di�,
respectively, and Lri and Uri are the lower and upper bounds of
���ri�, respectively. A higher PrDE value implies more likelihood

Fig. 1 Scheme for the comparison of �ri and �di.
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Fig. 2 Probability density function for a truncated normally

distributed random variable.

Fig. 3 Probability density functions of �ci, �i, and PrDE.
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for damage. On the contrary, if the PrDE value is close to zero, we
could conclude that the element is more likely to be healthy.

VI. Numerical Examples

A. Example I

To illustrate the validity of the present interval method for damage
identification, a steel cantilever beam [23] with 9 Euler-Bernoulli
elements (m� 9) and 10 nodes was used (Fig. 4). The cross section
of the beam is rectangular, with an area of 50:75 � 6 mm2. The
length of each element is 100mm. Themass density of thematerial is
7:67 � 103 kg=m3, and the actual Young’smodulus in the intact state
is 2:0 � 1011 N=m2. Suppose that the elemental stiffness parameters
(bending stiffness) of the initial analytical model are 1.1 times larger
than that of the undamaged model, and the damaged model is the
same as the undamaged model except that the bending stiffness is
reduced by 20% in element 5. The elemental bending stiffnesses of
initial model, undamaged model, and damaged model are �I1–9�
200:97 Nm2, �r1-9 � 182:7 Nm2, �d1-4;6-9 � 182:7 Nm2, and�d5�
0:8 � �d1-4;6-9 � 146:16 Nm2, respectively. The first six natural
frequencies (n� 6) of the three models are listed in Table 1, and the
natural frequencies of undamaged and damagedmodels are assumed
to be uncertain measured parameters bi.

1. Comparison with Monte Carlo Simulation

Both of the uncertain measured natural frequencies in undamaged
and damaged state are interval numbers. The associated uncertain
radii are equal to 1% of the corresponding middle values. Therefore,

�Ii � �0:99�ci ; 1:01�ci 	; i� 1; 2; . . . ; 6 (42)

For the comparison with the probabilistic method, it is also
assumed that these uncertain quantities have the truncated normal
distributionswithin the given intervals, which can be expressed as the
mean values plus the random noises:

�ci � �0ci�1� Xi� (43)

where �0ci is the mean value of the ith measured eigenvalue and Xi is
the truncated normal distributed random noise, which can be
generated by Eq. (40).

In the first updating procedure, the initial FEmodel was updated to
obtain the undamaged FE model using the uncertain measured
natural frequencies in undamaged state of the structure. The middle
values and the lower and upper bounds of the elemental stiffness
parameters in the undamaged state obtained by the interval analysis
method are listed in Table 2. To verify the results, the Monte Carlo
techniquewas also carried out. Themaximum possible valueAi ofXi
is set as 1%, corresponding to Eq. (42). Parameter Bi is fixed at 0.1,
which means that the variable Xi is nearly uniform. The results of
40,000 simulations are listed in Table 2. We found that the lower
bounds of elemental stiffness parameters obtained by the proposed
method were slightly smaller than that obtained by the Monte Carlo
method. Further, the upper bounds of elemental stiffness parameters
obtained by the interval method were slightly larger than that
obtained by theMonte Carlo method. Themiddle values obtained by
the interval analysis method were nearly equal to the mean values
obtained by Monte Carlo simulation. Moreover, both of them were
very close to the true value. However, due to the lack of natural
frequency information (only the first six natural frequencies are
available), the middle values obtained by interval analysis and
Monte Carlo simulation cannot converge to the true values.

The secondFEmodel updating procedurewas carried out to obtain
the elemental stiffness parameters of the damagedFEmodel based on
the initial analytical FE model and the uncertain measured natural
frequencies in the damaged state. Again, both the interval analysis
method and Monte Carlo technique were used. The middle values
and the lower and upper bounds of the elemental stiffness parameters
are listed in Table 3. The results are very similar to that of the
undamaged FE model, the intervals of the elemental stiffness
parameters obtained by interval method were slightly wider than
those obtained by Monte Carlo technique, and their middle values
were again very close (but not equal) to the true values.

Based on the undamaged and damagedFEmodels obtained above,
the damage in elements can be identified by comparing the differ-
ences between the two models. The values of PoDE for all elements
according to Eq. (36) are listed in Table 4, and the values of PrDE for
all elements obtained by the Monte Carlo technique are also listed in
Table 4. As shown in Table 4, element 5 has 100% PoDE as well as
PrDE. Element 1 has 14.58% PoDE. This is caused by the error
coming from first-order Taylor series expansion and the uncertainties
of measured natural frequencies in undamaged and damaged states.
For the Monte Carlo simulation, the PrDE of element 1 is 1.7%,
which is much smaller than 14.58% obtained by the interval method.
Comparing to Monte Carlo simulation, the interval analysis method
is more conservative. This is because of the insufficient information
about the distribution of uncertain parameters and the interval
extension of interval mathematics. However, the interval method is
more efficient in computation than Monte Carlo simulation, the
execution time of the interval method is only 10%of the probabilistic
method. In practice, both 1.7 and 14.58% would indicate the low
possibility of damage for element 1.

Fig. 4 FE model of the cantilever beam.

Table 1 Natural frequencies of the three models (in hertz)

Natural frequency

Model 1 2 3 4 5 6

Initial model 6.41 40.14 112.44 220.56 365.44 548.18
Undamaged model 6.11 38.27 107.20 210.30 348.44 522.67
Damaged model 6.04 36.63 106.95 202.82 345.60 508.21

Table 2 Mean values and bounds of elemental stiffness parameters in undamaged state (in Nm2)

Mean value Lower bound Upper bound

Element
number

True value Interval
method

Error level
of interval method

Monte Carlo
method

Interval
method

Monte Carlo
method

Interval
method

Monte Carlo
method

1 182.7 183.38 0.37% 183.34 165.47 167.36 201.29 199.33
2 182.7 182.70 0.00% 182.70 169.35 170.87 196.06 194.54
3 182.7 181.28 0.78% 181.32 157.27 160.28 205.28 202.35
4 182.7 182.85 0.08% 182.87 171.02 172.06 194.69 193.67
5 182.7 182.35 0.19% 182.40 163.63 166.71 201.06 198.10
6 182.7 181.86 0.46% 181.89 165.47 167.51 198.26 196.26
7 182.7 183.54 0.46% 183.54 171.74 173.09 195.34 193.98
8 182.7 182.89 0.10% 182.81 153.46 156.23 212.31 209.38
9 182.7 183.72 0.56% 183.85 139.31 142.20 228.12 225.50
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From the above discussion, it can be concluded that the interval
damage identification method can provide effective results with
limited information of uncertainties. The damage detection results
were verified by Monte Carlo simulation. When the parameter
information is limited or the probability distribution densities of
uncertainties are unknown, the probabilistic method cannot be used
effectively. At this time, the interval analysis method can prove to be
supplementary to the probabilistic damage identification.

2. Multidamage Identification

In practice, there tends to be more than one damaged region in a
structure. Thus, an effective damage identification method should
have the ability to detect multiple regions of damage. In this section,
the multidamage identification will be carried out based on the
present interval analysis method. Structures with two damaged
elements out of a total of nine elements will be studied. The damage
identification results are listed in Table 5. In the first case the
elements 5 and 7 are damaged (20% reduction of bending stiffness).
Remarkably, the two elements are identified to have a 100% possi-
bility being damaged. Elements 1, 3, 6, and 8 have lower possibilities
of damage existence. Their PoDEs are 21.41, 12.89, 10.45, and
16.12%, respectively. Other elements have little possibility of dam-
age. In another case, element 1 and element 5 are considered to be
damaged (20% reduction of bending stiffness). Each of their PoDEs
is identified as 100%. The PoDEs of element 2 and element 6 are
28.02 and 7.12%, respectively. The PoDEs for some undamaged
elements are increased a small degree in the interval multidamage
identification.

3. Interval Damage Identification Using Different Numbers of Natural

Frequencies

The first six natural frequencies were used to detect damages in a
cantilever beam in previous sections. In this section, different
numbers of natural frequencies will be used for detecting damage of
the structure. The damage identification results by the first five
natural frequencies and thefirst seven natural frequencies are listed in
Table 6. When the five natural frequencies are used, the damage
element is identified accurately. However, the PoDEs of healthy
elements increase. Obviously, this may lead to a false detection. On

the contrary, if the number of natural frequencies used increases to
seven, the PoDEs of the healthy elements will decrease; the PoDE of
the damaged element decreases too. It can be concluded that the
number of natural frequencies used for damage detection has some
effect on the PoDEs of all the elements, but the damage can also be
detected.

4. Study on Damage Level

The damage levels of elements that indicate the reduction degree
of bending stiffness in this paper have a great effect on the results of
damage detection of structures. A higher level of damage can be
identified more easily. On the other hand, if the damage level is very
low, the false results may be obtained due to the effect of uncertain
measurements, since the true information is submerged in noise.
Numerical analyses were performedwith different structural damage
levels to study the effect of damage level on the damage identification
results. We assume that the interval radii of uncertain parameters
equal to 1% and the different damage levels in element 5 are 10, 20,
and 30%, respectively; namely, the bending stiffness of element 5 are
164:43 Nm2, 146:16 Nm2 and 127:89 Nm2, respectively. The mean

Table 3 Mean values and bounds of elemental stiffness parameters in damaged state (in Nm2)

Mean value Lower bound Upper bound

Element
number

True value Interval
method

Error level
of interval method

Monte Carlo
method

Interval
method

Monte Carlo
method

Interval
method

Monte Carlo
method

1 182.7 177.73 2.72% 177.68 160.42 162.29 195.04 193.06
2 182.7 184.23 0.84% 184.25 171.21 172.79 197.25 195.70
3 182.7 187.18 2.45% 187.24 163.92 166.49 210.43 207.99
4 182.7 186.97 2.34% 187.00 175.53 176.70 198.42 197.29
5 146.2 143.60 1.78% 143.57 125.38 128.20 161.81 158.94
6 182.7 181.22 0.81% 181.24 165.37 167.43 197.07 195.05
7 182.7 182.77 0.04% 182.77 171.15 172.35 194.40 193.19
8 182.7 179.56 1.72% 179.49 151.18 153.61 207.94 205.37
9 182.7 182.65 0.03% 182.79 139.87 143.23 225.42 222.35

Table 4 PoDEs and PrDEs of the elements

Element number PoDE, % PrDE, %a

1 14.58 1.70
2 0.00 0.00
3 0.00 0.00
4 0.00 0.00
5 100 100
6 0.34 0.00
7 2.53 0.05
8 4.02 0.10
9 0.00 0.00

aAi � 0:01 and Bi � 0:1.

Table 5 PoDEs of elements for different multidamage identifications

PoDE, %

Element
number

20% reduction of
bending stiffness
in element 5

20% reduction of
bending stiffness
in elements 5, 7

20% reduction of
bending stiffness
in elements 1, 5

1 14.58 21.41 100
2 0.00 0.00 28.02
3 0.00 12.89 0.00
4 0.00 0.00 2.40
5 100 100 100
6 0.34 10.45 7.12
7 2.53 100 3.10
8 4.02 16.12 0.00
9 0.00 0.00 0.00

Table 6 PoDEs of elements using different number
of natural frequencies

PoDE, %

Element
number

Using the first
six natural
frequencies

Using the first
five natural
frequencies

Using the first
seven natural
frequencies

1 14.58 38.51 4.08
2 0.00 0.00 0.00
3 0.00 0.00 0.00
4 0.00 0.00 2.27
5 100 100 82.58
6 0.34 0.45 0.00
7 2.53 2.96 0.00
8 4.02 15.90 3.26
9 0.00 0.00 4.49
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values and uncertain radii of elemental stiffness parameters are
obtained by the interval analysis method. Consider the case of 30%
bending stiffness reduction in element 5 as an example. The mean
values obtained by the interval analysis method are very close to the
true value of the elemental stiffness parameters, as shown in Fig. 5.
The PoDEs of each element at different damage levels are shown in
Fig. 6, where element 5 is always most likely to be damaged in
different cases. However, the possibility of damage in element 5 will
reducewith the decrease of damage level. This is because the effect of
the uncertainty level becomes larger. When the damage level of
element 5 decreases to 10%, the possibility of damage in element 5 is
only 55%. On the contrary, with the increase of damage level, the
PoDEs of healthy elements will rise too, because the error stemming
from the first-order Taylor series expansion increases with the

damage level. If the damage level is too low or too high, the damaged
elements may not be identified accurately or the healthy elements
may be falsely identified as damaged.

5. Study on Uncertainty Level of Natural Frequencies

The uncertainty level of measured natural frequencies seriously
affects structural damage identification. If the measurement errors
are too large, the true informationmaybe submerged in noise, and the
wrong identification results will be obtained. To investigate the effect
of uncertainty level on the damage detection results, the numerical
analyses of damage detection at different levels of uncertainty (1, 2,
and 3%) in measured natural frequencies were carried out by the
interval analysis method as well as Monte Carlo simulation. The
damage of 20% is considered in the bending stiffness of element 5.
The elemental stiffness parameter vector is obtained by the interval
analysis method, and the mean values of stiffness parameters at the
uncertainty level of 3% are shown in Fig. 7, which are very close to
the true values. The PoDEs were then obtained and listed in Table 7
and Fig. 8. It can be seen that the PoDE of the damaged element
(element 5) obtained by the interval analysis method is smaller than
the PrDE obtained by the Monte Carlo Method. On the contrary, the
PoDEs of healthy elements obtained by the intervalmethod are larger
than the PrDEs obtained by Monte Carlo simulation. This indicates
that the present approach is an effective nonprobabilistic method
although it is somewhat conservative. From Fig. 8, it can be seen that
a higher uncertainty level leads to lower PoDEs of all the elements. In
other words, the damaged element will be difficult to identify if the
uncertainty level increases.

B. Example II

In this section, a steel cantilever plate with 100 elements
(m� 100) and 121 nodes is employed to illustrate the validity of the
present interval method for damage identification of structures. The
FE model of the cantilever plate is shown in Fig. 9, and the
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Fig. 5 Mean values of elemental stiffness parameters at the damage
level of 30%.
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Fig. 6 PoDEs of elements at different damage levels.
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Fig. 7 Mean values of elemental stiffness parameters at the uncertainty

level of 3%.

Table 7 PoDEs and PrDEs of elements at different uncertainty levels

Interval method, PoDE, % Monte Carlo simulation, PrDE, %

Element number 1% uncertainty 2% uncertainty 3% uncertainty Ai � 0:01 Ai � 0:02 Ai � 0:03

1 14.58 8.82 3.63 1.70 1.14 0.21
2 0.00 0.00 0.00 0.00 0.00 0.00
3 0.00 0.00 0.00 0.00 0.00 0.00
4 0.00 0.00 0.00 0.00 0.00 0.00
5 100 83.81 55.11 100 91.86 78.63
6 0.34 0.00 0.00 0.00 0.00 0.00
7 2.53 0.68 0.04 0.05 0.00 0.00
8 4.02 2.74 0.83 0.10 0.01 0.00
9 0.00 0.00 0.00 0.00 0.00 0.00
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quadrilateral elements with a size of 10 � 10 � 1 mm3 are adopted.
The mass density of the material is 7:5 � 103 kg=m3. In this
example, Young’s modulus is considered as the elemental stiffness
parameter, the Young’s modulus of the initial analytical model is 1.1
times larger than that of the undamaged model, and the damaged

model is the same as the undamaged model except that the Young’s
modulus is degraded by 30% in elements 53–58 and 63–68. As
shown in Fig. 9, the shaded elements are damaged. The elemental
Young’s modulus of the initial model, undamaged model,
and damaged model are �I1-100 � 2:2 � 1011 Pa, �r1-100 � 2:0�
1011 Pa, and �d53-58;63-68 � 0:7 � �d1-52;59-62;69-100 � 1:4 � 1011 Pa,
respectively. The first 15 natural frequencies (n� 15) were used to
detect damages in the plate, and the natural frequencies of
undamaged and damaged models are assumed to be uncertain
measured parameters bi with uncertainties of 2%.

The proposed interval damage identification method was applied
to detect damages in the plate. By performing the two procedures of
FE model updating, the PoDEs of 100 elements were obtained and
listed in Table 8. It is clear that the damaged elements have large
values of PoDEs (from 87.7 to 100%). In other words, the damages
were identified successfully. However, it can also be seen that some
healthy elements are associated with higher PoDEs. This unintuitive
fact can be explained as follows. The PoDEs of elements 52–59 and
72–79 are between 35 and 40%, the PoDEs of element 62 and
element 69 equal to 58.3%. It is obvious that all of these elements lie
around the damaged elements, and the stiffness reduction of
damaged elements have a strong influence on these nearby healthy
elements.

VII. Conclusions

In this study, the interval analysis method for structural damage
identification was proposed. The measured natural frequencies in
undamaged and damaged states were considered as uncertainties and
described as interval numbers. Based on interval mathematics and
first-order Taylor series expansion, the lower and upper bounds of the
elemental stiffness parameters of the undamaged and damaged
structures were obtained by the model updating method. The possi-
bility of damage existence of each element was evaluated based on
the intervals of elemental stiffness parameters in undamaged and
damaged FEmodels. A higher value of PoDE implied a higher possi-
bility that damage will occur. The damage identification of a steel
cantilever beam and a steel cantilever plate were performed by the
proposed method. Monte Carlo simulation was employed to dem-
onstrate the validity of the present method. Through numerical
examples, the interval damage identification method was illustrated
to be an effective nonprobabilistic method which could deal with
both single-damage and multidamage problems at different damage
levels and uncertainty levels. Moreover, the generality of the present
method was also illustrated: it could be applied for the damage
identification of complex structures.
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Fig. 8 PoDEs of elements at different uncertainty levels.

Fig. 9 FE model of the cantilever plate.

Table 8 Possibilities of damage existing in elements of the plate

Element number PoDE, % Element number PoDE, % Element number PoDE, % Element number PoDE, % Element number PoDE, %

1 22.9 21 0 41 0 61 0 81 0
2 34.1 22 24.5 42 30.6 62 58.3 82 0
3 36.2 23 29.4 43 29.9 63 100 83 0
4 10.3 24 0 44 10.1 64 100 84 0
5 0 25 0 45 0 65 100 85 0
6 0 26 0 46 0 66 100 86 0
7 10.3 27 0 47 10.1 67 100 87 0
8 36.2 28 29.4 48 29.9 68 100 88 0
9 34.1 29 24.5 49 30.6 69 58.3 89 0
10 22.9 30 0 50 0 70 0 90 0
11 0 31 0 51 0 71 0 91 3.3
12 35.6 32 0 52 40.1 72 40.1 92 18.4
13 25.1 33 0 53 87.7 73 36.7 93 22
14 21.4 34 0 54 100 74 30.8 94 28.2
15 0 35 0 55 99.2 75 38.9 95 24.8
16 0 36 0 56 99.2 76 38.9 96 24.8
17 21.4 37 0 57 100 77 30.8 97 28.2
18 25.1 38 0 58 87.7 78 36.7 98 22
19 35.6 39 0 59 40.1 79 40.1 99 18.4
20 0 40 0 60 0 80 0 100 3.3
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